Expectation-Maximization (EM)
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For the glory of God

Masimum |Thelthoods Estimadion (MLE )

- As we Rnaw . Maxiimum Likelhoocd Estimation (ULE) aHempls 4o Pind, +he parameler valve Hhak mairzes he [ilethood -
* Bogieally , what MLE does % 4o maximize 109 - [iketthood, Janckiow 4o estiinte the parameler valke-

- 3 we assume the dichtludion as Goussiaw dwhibudion, Hhe log-eihed functow 7 o8 Pollousng

a) For unvaviste Gousian dihibuhion _/l,x,

p(;(l,a,,g’) = = exp (-—'5 O;Z:)) 5 where 4" = Uo¥ance , U = mean

b) Jor muli-uavide Gaussu drshitudion "“l ©

PlXjmz) = )y exp[ -%(;{—,a)Tz" (;(—,a)] 5 wheve = = Colavian , D = Difengion
' 2

() 12
- Tn e end, MLE 1wl povide Hhe best pramelers (U 4% Z) Hhak I3 wen gen doda ().
- Thew, how does MLE Pid +he bes) paamelets 2

- The basie Tew s o Hake Hhe derfuative and. 4o eguate @ 4o zero.

4 P(x10)
=0
]

— Oue ; whae 6 iepesenks poomelers (4. 4% )

S Oue = arg max pP(x10)
2

- For example, leb's soy Hat we hoie N number of dofa potds. (X Mo, Xw)

Oume = agmax PO 10)
(-]

= agmax 9‘r PO18) 5 Hae, we ossumed he dow poids ave TID ( Tndependowey Tdewtianlly Dishibued, )
9 =)

242 721

1 \N N . o _ _ _
=m.30mm( (J—nx_p) exp(-'_z()(r-/t)) ;tﬂplsumqwak&ussmﬁslhﬂmwﬂkkauapwnk

Goussionw Mihuve Model (G )

* The pobolrithy (p) way be mulkt-modal as & widue of unT-modal dishrhudTons .
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K
PX) = R%I«M(Xlﬂk'zk) i whae K & numbey of Gaussons

1ssians ’ N(Xlup 2p)

%)

s dwo GQaussian JTs-lﬁhJTms

eqg. M =6.3 / /=07

16

© lebs soy ek we wank 4o wokiiize [ieithood, of Hhe wuHi-modal dichhukion .

v o Sy way» we would toke legarcthn and, dervatie 5

N K
M - = A(RZJRNM»M«.Z.‘))

4 ppuigy =2
46
- Theelie, for His cose, paramelers can be calauleted, ustng EM algorithm .

Expeckakon - Moxiiizakion (EM) Algorthm based ow GMM
Tnhoduekion
- The BM algovithm was explameds ond, giiew s viame @ 1477.
- The B algoidhm hs bew tsed o Pid MLE of poramelers i 4 slhukeial wode! (e Gaussian) where He Gguation can't be Solled, detly.
* Tpatly. +he wodel Tuolies latent Vaviables. CHiddew vatiade )
- Ths, T would, s29 ek 5
- The EM algoithw Ts an eMiciad Hetakiie proclite 4o cmpie the JLE i Jhe pesence of higklew data -
Ladent voriable
* Shodlicaly, Iahent variables ave Uatables Hhat camol be ohseed driecty bk Hs values @ be whed, by Jakmg oker mensutemendds
9. we may ek be able 4o diedly guankily Tleligence bk we ik # efels.
& Your weligene s o lehark nviable 4k ablects your perflimance on mulliple fuske cew F # ant be dieclly mexied.
- Whew we 4k abouk +he pobobrirhy ,

- We caw ik of the witing elicieds as priok probalitities . P(K) = Tk
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- For a giiew value of 3, we ow elaluste Hhe coviespordiing posterior proboliiiiies . hw(x) = PCKIX)

POk
pkix) = LP':X)—) 5 Based ow Bayes yule

N (X ) A, 2)
=£<———k—k— I\wmlk:‘% _;Ajk=humbzl-dfk Jalwpoﬂsds@veob-loduskb-k

K
= T N (X 4 %)

How EM aigovithm works

- lebs assume Hhd K=3.

- As He Mish slep, We whl place Hhee poicls vandomby on the obsened, deta-

Observed data

75
5.0
25 [N,d] = X.shape
K= 3
0.0 C = np.zeros([K,d])
Q S for i in range(K):

random_index = np.random.randint(N)
C[i] = X[random_ index]

-10.0

5 where X = dad set, vandom Tekex wowd gie you K vondom posids

- As the cecond Slep. e wil WHalize +he Valies of Uz, 3t onds 7.
5 Fo- witing cooetedk (15, 7r = k=03, Aa=03, Mg=0.3
i Jor meow (U;), Mi = CCil 5 o meons +he cenhordis are considlered as o mesn.
eq. C =M = C-3.16,-645]
i For Counrionce (Z7), Zv = humpy. eye(d) s whee d T dimensiow T s e araiAy o
sigma

TN 110 PR S5 BTl S s
[

e , Vo lo Vo
wo 111y, array(((1l., 0.1, & [ J [ J[ J
(0., 1.11}, arcay(([1., 0.1, | ovdsLotdrlol
[0., 11131

- As e Pt dep, evalude Hhe vesponsibiities using +he cuvewsk paiameter Values
- As dhe Seond slep. evalute the wdltaators v eocle doba potat.

- Thew, we wi see & Hhe dode posak gels Tuolved i K=1, k=2, o K=3.

- lebus Hake ow example . Lebs Suppese Hhat we have X (looo,2) dalaset-

0.1, -0.2
X = [ : J 5 locox 2 mokx

-0.6, -0.4

5 lebs @iadoe Goussian POF P k=1 @se Pret.
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) o

Ay =03, My=[-316-6450. 2= L o

POGIMZ) = exr[-}()é.-/t)TZ" U(r.—/t)] 5 where =2

() 13))"

4
J 5 looox | mahTX

1q9x16"
<« p“‘i'ﬂ::Z) = [ :

310

Ten.,

S.

-
losox |\ wohix "3sx'°
Jooox 1 maiix 5

3.3X(0

y R P(Xj'/lnzl)

o) "
S 7 POG M, 3%)
=

Ya() = looox) wmakix

Y3 (1) = loooX | wahix

.: } = Eh:kz:"g‘] 5 looox 3 W|0«|+Tx

hed Slep, we'le Going 4o eskimale +he dizator for ead deka, poack

Say. e hate Hhe Fiskrow of + = [o.1,0.2,03]
4 Tndiedor wiil selech Hhe Mivd, alumn beavuSeaP argmx .

each data point properly

## Calculate argmax of the responsibility and
for i in range(N):
I[{i) = r(i).argmax()+1 # +1 is needed because of Pythonic characteristic

1
3

- Folly, T = [ '1:) teting us e Mk daas poick wigld- ame fom k=1 cluslering .

- Re-estiiote Hhe priamelets Using +he Cuveud Yesponstiitities.

- In dems of 7T,
N
s = -ALI—E\'J(K-») 5 whete A = numbor o datw poidk, 3= Vumber of Cluslering

eq. I, = /_m';—o (h()(l) +\'u(x:l)"’h()la)i'---+hl)(|m)) = Conglon}

- Inderms of A,
N
Z. Y5 00) - Xn
n=
Ay - S
= Y3 ()
n=1
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e.g. M = —c—— = L, 2] 5 W‘ﬂ'e A= h(’ﬁ)'(){nl’t)l + h(”a)‘{)(u)(z)_tf""

- Indams vf— =z,
N T
2“.\';()(»&) - (n-A) (In’/{,-)
Z; = = ~ 5 where A4 = new weaw (v Gnhoid )
= 5 00)
n=t
A , u
eg. 3, = —c—_—' = [1)(1 ] 5 w}.e\e A=V%0L)- ()ln}(a), '(eruz), +

= cons} x ["' x D ]+ -
Pt

2

ax| wa
- S0, 7 Jeels Itke Hhok we have vew parameters.
- wewnlenJ/ufgeH-Tv\gwkrnJﬂP\eMas below 5
EM algorithm result with K = 3
7.51
5.0
2.5 -
0.0
X =25 %
-5.0- :
-7.5
-10.0
~7.5 -5.0 =25 0j0 25 5.0 7.5
X1
Exomples
ove - Dimensional
- leks ey we have He Jollowing obsened: daky 3
@ doda
O O 00 © Co00 © Wiy Xa, 5 Xn
- T+ eoms ke Hhere ore K=2 Goussions wih unknoww 4 and 4*
’
- v +he end, we wil get e reubt 5 I+ o be cladded by 5 o b deda,
Wt Aot - tinb
servation // . /{(b = S " 3 where 1= Number op Ja‘w
o0 Ao - . o
o Oy Ohde)?
by =

b
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- Howater, whet @ we dontt know Hhe s ?

O O 0O O oo O 4 WMo coler ot all ( wnobserved, deta )

- I} we know potamelers of the Gaussions (4 6*), we'n be oble +o guess Wheller poid & fikely 4o be 2 o+ b deda.
- The EAM olgorethm wauid be used b Hie parcular dype o problom as & probabisticatly - qiounded way of doivg sobt- cluslerng.

- Slep 1) Rundomhy ploce poicks based on the K mlwmakion (K= 2 P s cose)
Y Piobobly . we cow gek- +he inhamakon fom

He deky, b ;5 however, T genewl, Hhee

XOX O 0O OO0 O ;¥ ondb % ave tandom poids
St 0 gent wey 4o choose ¥ o cluslers.

- Slep2) An i) guess s mode v the prameles (4. 42) and & probabitily s cleaded, ow, the peials.

The elbow wehod Mgl worke fiv
k-mems cluclering Sucl Yook 5

00 O GO0 O

- Slep 3) Ask 4o each poidk " Does  look ke # cawe flom doke b 7 Cﬁ*%c'i\\;ek

/Imn’gw#ask#eala)rwpon* v cones fom ether @ ok b

As cw be see,
- EM olgorithm assigns He dady Ho cluster with some probolitrly . (Say 307, of @) and 7. 4 b)

L This & Hhe veosow why EM & ditfered with, K-menns algorithm -

« K-means algorithm
Assigned each example to exactly one cluster
What if clusters are overlapping?
+ Hard to tell which cluster is right

- Maybe we should try to remain uncertain meon . Hﬂl‘ CllAS = d(lS'EIE D“al
Used Euclidean distance i k s "94“3 ( JD ml- )

What if cluster has a non-circular shape?
EM : S dus{emlz’ (Clustars woy overlap )
+ Gaussian mixture models
Clusters modeled as Gaussians
AN
= Not just by their mean
EM algaorithm:

cluster with some

T EM - aw be diffeet dhiiludion Aypes-

- Slep4) Coladate He puamelers boed; on, +he Newy observed, date

% The pobabititey dishibukion shund, be fweaked, +o include the new dadn., whiich, Juns T wew Shapes .

- Slep 5) Repenk +he proess unl Conlergene aFera has beew tenched .
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e-9. Dichibuions dovnul—cha»ge /] Mox Herekiow /

5 T wiggdh be shw ow loge deks sef.

5 Hene, ™ may reuen! hidden poHoms. Aoke ok ™ wont wark well @ clustess conlaniv fow pocks .

Tiwo - dlimensional
2 R 2 - 2 -
O | O ||~
0 - :-;%‘ 0 - ., "2 * 0 . .',/ *
‘;.'-.F.'- T Sge, . 3‘-' =
,?.‘ .¥.‘ dlEa.~
2 LV -2 3 -2 ﬁ:
= ] (a) 2 -2 4] (b) 2 -2 ] (c) 2
2 - 2 . - 2 . ) -
L=2 Sa =5 "i.. =20 2en
. 40} X
0 . -ﬁ‘ 0 /M&'@ * 0 . . '3-‘ *
o’ . e/ . wigt. T
o <] . L - :-
2 qt: -2 ‘.-{: 2 \"

=2 1] (d)

-2 4] (&)
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