Runge-Kutta method
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For the glory of God
Tnhoduction
* Tn mohewalies, an Okdivsy Difeectnl Equation (0DE) 7 delied as an Gquakion, comlarimg an, Uik Piciion of
ohe variable X ond, s derate.
The unknown Pmchon, & generally vepiesented, oy . uariable (oMen dencted, y ) . which, depends on . y
X % oNen cled, as +he Tndeperdet unriable o +he Gguation. ( PDE 7 more than one irdependent Uarzbe )
Cop. Dttt fguation % o mathemalical guakion +hek relutes some uckon, with: s dermatives )

- Tor example,
1ST otdler
2 vV 2
i = _)t_ 5 The i an ODE VvS. ﬂ = 2= ; M ader PPE
di Y o e

- Lok us Joaus on ODE Lor Hhie. hand-witHen. nofe .

* How would, Yow Solue Hhe ODE desciibed, above ?

: T‘\e“'vs-,'meum;/#uf'wemn*ﬂ is 4o Solie He %wﬁ?waméﬂ(m/\/r (e.gASefumﬁunﬁ lavable )

- So, 7 aems Hhat we were able o Solte +he ODE Witk \especk 4o Y anabybially.

- Then, how abok His 6bE as belaw ?

a

_*
= e + yhly)

e

: woud yow be able 4o oblain anadgtic solekion o e case ?
4>z} wiglt be diffiautt 4o Sove # analylintly.
- The Second, method, +hek we caan come up wthy % Fo use a numerial welhod, suck as Runge -eb.

- Tn s hand, -whtew viote . we will oaus on, Aunge - kieka, wethed .
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What % Runge - Kioa, Mebhod, ?

" Ringe- K wethod, & knasw as o medhod, 4o Jind, nuwesizal Solukon, Lo Ovdiauy Ditleientad Equation (0DE).

- The melhod, was deseloped, by e Geman, malbomaeticians C. Ruge and M.w. Ruba.

- The mosh wideluy known wemter of R-K Janithy TS gentally reloned, 4o o5 Rk4, St ot Runge -Kictha method.

The Jhurth order Ringe - Kukha, method,
* Lek an Tl Vue Problem (IP) be speciiied as follows ;

LI Yhy)y and 9Gh) =Yo 5 whare y = ou unknown Sunchon Ahek- we wonkdo apporindde

- Here, we assume +hat +he Punckon L, Ao and, Yo are given -
“Miso. T wow) plackeal opplizafions . we consider +hat D 7 dependent of +.

- In onder Yo appioxiiade +he unknown Munchow y, +he Rk4 proposes ;

) Ane =+ b whe\ehrswsleps.‘ae

2) Y = Yo+ l—(l(.+n.l(_.l+a.k3+k4,) 5 whee n=o0,1,2.3,

; ﬂwﬁom&b@m%sbpea#%hegﬁuﬁg o Hhe Heral usng y

Ka = hd Aw-},ym% ; The aemed: based, on the Slope ak-+he itdpoich of Hhe iHlenal ugig v, k,
pe ]

ko= D (s, e i) The nemed bosed, o Jhe Slope a-the widpsidh & Hhe leal usig Y. Ka

i Here, Ky = hP (oY)

Kg = hd Ghth, Yatka) 5 The Toemed: boced, onthe Slope ak-the end. o Hhe Tdeal using v ks

- Hewe. we wil be able +o estimate Ynn USng Yw, Ki» Ka, Kz, Ka, and, h .

Exomple ( Tndian Tnstade o Techmology )

- Fmd, ya)
- Gien h=15 ond yo) =5, A() =0

ODE dy/dx = 3™ -0.4y 5 Hen POLY) = 3™ -0.4y

Soludiow )
© LS +he Dorth ovder Runge - kubta, method,. ) can be expressed, as«ﬁliowu’uﬂ ;

V) = Y00) +  (ki+aka + aKs + Ke)

5 Where
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R = h 2o Yo) = .5) 10,5 = 1.5 (3€7°- 0.4x5) =1.5

Ko = b} (Kot 2h, Yot £k) = Coshad-

- Theere.
Xy = Hoth =15
V) ~ 4.365
- rother eample as below shows +he acuragy behveen Eiler and RR ebhod, w -+ anakbgzal solion

yh —y(t) ; amg}fme Solefion
i ~ —Euler oP E;bvme.upal; ( Ltke |STO)&F¥H‘)

+ Ina = In + bP O, yn)

Geomehic. Yensorg o 4th oder Amge - Kl mebos,
- Eien F we diel, net devive e R4 gguation Nowatly (Ths ockially slag Pom Tyl Sevies Expavson, Shugh ),
# 75 Ualuable o underslond, the geomelric vensonimg Supporig Ric4.
"~ The basiz e % 4o move fom Yr 4o Y by uiplying Some eshimated, Slope by 4 Himeslep.
" Lek us discuss e componends of R4 Zguakion.
@) X HAerakion
 RR4 herales the 3 values by Simply adding a Mried, slep-size Ch) of ench, rerakon
b) y Reation
* The y-Herdhion s Jbr mare ierestig
© B s o weigded averoge of four vollies K1 Ka, ka, and, Ka
4> Eack of the Rr gites us aw, estimate of the size of +he y-Jump.
( Evenually , we wil get one veally good Slope )
-~ Le} us 4oke a look +he plot as fellows +o gek beber undershoudivng
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Yo+ hka

Yo+ hky/2
yo+hky/2 _
Lebs soy we have Euler Cquetion
GM Yo ¢
A i Yl = I + h;-ﬁ(}(w-)’w)

Then, whew Ha = Ao+ 2, Sw s (Known )

> we wil have Ynr .

to t;‘oh(2 to+h
—> S Thew, aalauldle Hhe Slope K

1) In dams of K,

* Ry s JustHhe Slope evalualed, ok Hhe starkig loaakow Y7 (A)

- We piect s slope forword by hatl 4 Hiestep (4o + %) 4o doleswine aw eshieted, posion. (8 )

© TH & Simply Eulevs mathod precichion.

2> Tndams ¢ Ko

+ Ka 7 +he Slope evaluated, ak +he location B

* We profect Hits Slope forward, Rom the slartiig pi:; by hat} o fiweslep 4o dolewniine an esfnaled. posion - C<)
© M poie, yow way be anfused whek hagpen -

L5 Lek me walk Hhagh +he duwo sleps . (Gruen P Puckion)

B\
e C
/ Ka
.
B
A /kl7
A’o "’o"'h,ﬂ' Jn"’h’

O Sl with givew Thormation Ao, A, b, and 0. yn)
® ladde B by B =A+hd (bt A)
® Caloulde Hhe slope Ki belueen wo pousks A and, B
@ Glulde 8* by 8= B+ hd (hoth)B)
©® Calalde +he Slope Ka behween Jwo pouds B and B
© ladde C by usig +he Skrig loakion ands Hhe spe ka
( T+ means we piajec +he Slope Ry Hom Slarig poiick A 4o 4he hat} 4 Fimeslep. )
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3) Indems of K
" Rg T the slope evaludded, ok +he foakiow .
© This T quite Similar 4o Hhat op Ko Exceph that where Ki used; 4o be. Here is now Ka .
 We prtech i slope foward Rom the sharting poick by il ieslep +o deleine aw estimaked, posiion . (D)
- TIn swilar wey, s sk, we caludde C* based, ow given Tfbmation.
Seand,, we aladede K Slope belweew € and ¢
Lashsy . we pasect Hhe Slepe K om Skt peict +o o, il Jineslep.
4) Indams o Ke
+ Ka 7 +he Slope evaluated. ot the loaedion D-
+ We pielect Hits Slope Jovwad, flom Hhe Slarng poict by a, il Fineskep .
&> Fivally, we whl ke 4o fhe next poidt-
) Nett postow eshimaAion
- once we have Hhese Rar Slopes, we caw awbine Hhem Tiv a weigided, foshiow +o clede aw average slpe and,

Use -the aveloge Sleope +o compute Hhe ed posiion..

Yo = Yo + 2—(((.+1ka+1k3+k4)

y*) 5 analgfaml soludion,

7

O T 2

of- R4 numeriad Solukiow way be aried; 0s o Slep size chnges

Exact and Approximate Solution, h varies

3"\\ T T T
Y
L~ Exact
25F N —-8-— h=0.05| -
N h=02
“ —-9-—h=0.8
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