Hidden Markov Model (HMM)
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For the glory of God
TInhoduckion

"+ Acoordivg 4o wrkr, Hidden Markov Model (HMM) 7 defred, as 4 statiehical Markos wiodel T whith M Syclem being modeled,
s ossumed 4o be a Mokw pocss with e glafes.
* We achually discussed, abouk o woids, Hautghded, above. So, whal- ove Hey ?
2) Lodent vatable
- B & 4 Vaiable that convot be obsered, dteclly bk s valies cow be infned, by Joking olfer messuemat-
€9 Inleigene, esponsTbiilyy i EM algorhm, ond so Lt
b) Morkou Mode!
- The onepl f modeling sequences of Iandom erewks uSTg Slakes and, HowsHiow behweew Slakes & knoww a5 4 Aarkor choin.
- In the Morkoy choin, & & sobiclied Hht .
POXic) X, diea, = 20, 0 ) = POKINR1) > T Sags the Nelwe shade depends. culy on Hhe awed shate.
- Markoy model 7 & model Hhat Jollaws He clatocleristic of Matkes i v o changing Syelem.
* Then. Whak i the HMM ? and, how does 7 wore ?

© Belore we dive Gk the answels, lebs a Irlle bt mote olk abouk Motiuakion .

Mokuakion
* Pohaps, & Saple mode! & Hhat obseHtns ate assumed, 4o be Mdepondet ond, Tenically diehbuded, (XTD).
 Houeter, T Mash cases i Jealrhy . Hhe obervalions ave ackually dependent-

- Fob etomple, yeslendoy weather hos o be related 4o doday's weslher

- Thonkhutly . the Mareou viode! demonshades Hhak ; (Undel Hhe law of loige numbess )
The i obsehaton v & chaiiv o obseHiokions T ouly bluened, by the n-1 +h oberaton

- Bak. what & he Ny obsewation i & chiw of obsistions is liered by a avesponding ladek varable ?
€9 Lehs ik abouek the ploblem where weuy 4o et the post kehair Hhough o dathy veard, o expenses.
Lodenk (Hidden) Shades : The post behaVor Such, as shudy o bong ad

ohe\-\ld%ws:ﬁeo‘m'ld)ecmbvﬁexpensea such as dedit ard) Wadouy
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* T s example. Hhe HAK will enable us 4o mier he hildew, Shales. Hhioigly +he obseHafions based, on. pobobity calaudetions-

What 75 Hidden Markov Aodel ?

A HIA s constdered, 0s @ genenlizatiin § 4 wiidue model whete Hhe hikden waables ate reloted, hiough 4

Morkoy process Iafher Hhaw mdependeick of ench olber

“ A WA Can e onsleted 0 @ ool Jor represebing probabrirhy dihhudons over equenes o ohetakons.

~ A HAW gels s name Row Hwo debiing properes ;

- T+ aesumes Yk Hhe obserakion of Fe # was gererated. by some pocess whose slde St & idden Bom Jhe cbaerer.

- T assumes ‘that the shale of the hilden puess saksies Hhe arkol clein ploperhy

* Tw potbiudar, the WM has been wilely used R wodeling Jive seties deda-
e9- lehs sy Hhak we hove he ilowing dotucet ;

)‘l **JT
w2l
ORI

> X%

© T s obvious Hhet we were able 4o cluser the datasel with Hhee diffiad clusta. sels.

5 Yes, 7 wns peildlly cligteied i the spre /A"
- Whot - we wan 4o kvew the palan witly differedt fime seres ik os > Au > A ?
4 They moy haie dibleiad Clulers, as e goas

© The HWM 75 able 4o handie His 4ope of problem ;

- For Hiis 1enson, Hhe HWA Ts Someliines aoilled. as dunawiic Clughering !
'IWSMMMM:’.

- A mode! wily IID ossuwplion may be Hhe simplest model:

- Howeter, v eolFhy , Mot ate dependot-

- Thauks +o Movkou, he demonshated, +hak- the ffme Sheke deponds. aly on he anieck shate.

- Tn way oses, houever, the shales we've ierested, v ave hickden - T s sense, e cont obseie Shem dnechhy.

- A HWA allows s Jo Ter Jhe slales by Tivestigabing the obeotus.

ditlence behwaen, Morkoy Model (UMY and, Hiddew Mooy Alodel (Huut)
~ Belae we dalk abad hao Hhe i does work, lebs Mt Jalk abod Hhe dtfeiene A vs. Hat
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© Boswally,
- Tw AU, Hhe shete & diiecihy Viible 5 Hetefre, te shoke hanstion pohabites ole +he ouly poiamelet-
- T HUM, Hhe Slafe & nob diteclly Vbl 5 bk Hhe cheeiakiins ave Known.
“let us doke @ wenther etample .
w) Makow Model for weother
- B os F do pledich owohaw's weother yow auld, exanine Hodow's weoke b youw weie et allaved 4o

look ot yeslerdoy's wenbhet-

5 whete L = Co-,07,027

- A short duhibukon 1 % reguied 5 M exomple, selting T = [ot,0.7. 027 i Hhis ooce.
€9 Probobihy 0.1 of Slohing i Shake 1 (HoT)

b) Heldew Mavkov Mode)

- lebs say Hhat yow ate such & wendher actenliet.

- Yau way hae o Pryne ook Yhe washes Hido yesis age. The ouly maiow giiew Ho you 7 abouk
T Cleom Consuuplio \erokds.

5
.'/-

6
()
4
“’:_ ~{cow Emisiow probabir
r’.‘ 5 - / .‘:j

-
H €9 When the weatet i cold ,

[Pu I Hon} H [ " ]
P2|HOT) | = |4 PLZ|COLDy | = | 4
P{3| HOT) A P(3 | COLDY). B

e pobabiithy having one iecieam i o 5

- Lising the obsertion (leards), Hhe HIMA enables us +o Pauie ad +he wealhe ok Hhe day .

B, B,

* et us Jake another example with Goussian Uiue wode)

- Tudome o the GAA,
; Tnial dighvbudion
@ @ @) 5 ok bl oribes

Lol
@ @ @ 5 Observetons

5 As aw be seew, Hhe hiddew vorables ave deperdet
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- Indoms @ fime sries dodw M Guu,
D= @@ =) -~ et (idden) tories
P)oly;bmy @ @ w5 Observebons

2, lofent varable s WNuenced, by 2, aded uorable os Hive goes by.

© 2o waid be aflicled by e Mot

5 Hewe, Hhe hiddenw unables mequJuFM-l&i‘sw<

How doas +he HAM work ?
* In order fir s o explin how the HAM work, le} s Hake ow eomple as Lelow 5
- Lebs say Hat He hidew Shde consials o Shidying, game, and, Drews .
- The chaemabions are an expense hishou) vemkd) Sucl Heak 194 5 whoie he higher , Hhe more experes.

- Iutheend, we are expeded, +o Wtk Hhe pust Lehavior based on the WehoTaal 1eads T Jerws o experse.

[\
— 5 Hiddew 5‘&;25

Obseriofions

+ Now, ek us assune +hak we allesdy have the Pollowing probolitites ;

Tnitial probobiiities Study ‘ Friend e - Ths +able Wdudes hansitiow probalitites !
h
el e & e €9 Ao 23 : hangouk with Miends
Study 04 K} 0
Friend 0 -’A’wM:lwﬂuJ'w#luﬂre\Js
Game 0.5 0
3 o thﬂlﬂ’mﬂ buppaei-l—l\esﬁm‘%w
State = 1 2 3 4 * THE Hable ndudes ewiesTow PWW"'LJ !
Study 07 0.15 0.1 0.05 e9- 0.7 piksbiiy 4o spond, *1" expouce
Friend 0.1 0.2 0.3 0.4
whew ae nqg .
Game 0.5 0.2 0.1 0.2 y‘w S‘““d J

+ Th seoms Fhak Hece Jobles povde Tlbmation 1egpiding how paople behave and, eqense hobit ocadiig 4o e lichoios.

- Thaekve , once the HII ( kot the Pewe and Jables ) ave gien Jo s, we may be able Jo et what we wowk o knaw.
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- R+ example. lel‘ssgw%ehrsmd\emdsmgmaskcms;

nj2 ll/-nl /23
| l [ I 4 ’ a

/20

- g the MMM mode! willu Jhe values. we wight be able 4o fler 5 Proboliily thak 1,1,4,2 & happen

Behavior (e:9. Shudy ) thak Gauses 1.1,4,2 poten
- S0, T sounds ke ot we aw wler the behavior basedd ow observakions .

- However, we have 4o viole +hat ;

- The Jablas ave assumed 4o be giien 5 howeier, s Jeduically needed, o echinate thioughausk He HMM process.
- Here, whew yow wdel o HAM, Yo hate 4o consider he folluwiig algordhms

1) Bawm - Welcly algerithm

D 3 adype of EM algorhm . BHs needed, 4o eclinede mihal proboltrhy Jiausimpwlnhl#y. aniaufssfowpnblﬂflj-
2) Vbt algerethm

B & needed 4o echimate hiddew slafes where 7 has lval.,polmbndjl}n-#egrww obecHationg . (re. 1-b4,2 > Shles)
5 Jole +that Yo probabirites (B.T.ond T) ove glien.

3) Fward algorishm

© T T needed, 4o echiinate Hhe pobolitrey where the obseriains ave hoppen. The 8.1, T prbaliiities e giiew.
"~ leks walk Hhough cach algorhm !

What 75 Piward) algorrthm v a HuM ?

@) Moliafion

" lehs sy Hot we wan 4o compute the Meefihood, of & paialat obsenakion sequence

@3- whot i Hhe pobobitchy of +he Sequence 3.1,3 Cnumber of Teecnms Hot Jasow wald et ) 7

- 3P & molel % defwed, as Aoy Model, we cuid, essity awpde he pobalititey of 3,1.3 Sish by following Hhe Shefes

lobeled, 3.1.3 and multiplying e pokobites along +he aves ;

3

e

Probabiily = 0.5 % 0:2 -

* However, & o model s delimed as Hildew Alavkou Jode) . Hhings ave nok so Siple.

- This Ts because we dowt kinow Hhe hiddew Shole Seguene . (e9. Wenher)
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* Tn feums  Hhe HAM, We Moy be ensiiy able 4o ampde +he Ikelthood, 7F we aliesdy know Hhe weather-.

[AFURW]  The computation of the observation likelihood for the ice-cream events 3 / 3

ven the hidden state sequence hot hot cold
- Hee, we knuw +hat each, hiddew Slate ploduces audy 0, Stigle obenation i HMM ; Hhus, Hhey have e sme lenghh, T
T
Plol§) = :’3; P(071Gr) 5 whete 0 & olsonaktion and @ 75 4 hiddew slofe soguence
- For Hiig cose. we cow say Yt ;

P(3.1,3 | hok hot.cold ) = P(3Ihot) x PC11hot) x P(31cold)

- mm%ﬁaMmhauehmrhrsM%WhﬂwsHe rsalsomllwml.@-ﬂepmﬁusdale

6 4
@ hot ; hot @
4 2 i
3 1 3

QTN The computation of the joint probability of the ice-cream events 3 / 3 and the
hidden state sequence hot hot cold. 1_, bCAIR) = Pr:;; > P(A.B) = p(AB)-P(B)

T T
- Theiolhre, by consTdring e Jock prokmlitily . PC0,@) = P(01Q) XP() = T P0G x TP (Q7|85)

P(3.1,3 | hoh hot. coid ) = P(31hot) x Pl 1hot) x P(31cold)

Buk of conse, we dont achully know whak +he hildew Slate (1. wenkler) seguence was i rentily.
- 2P wereally womk 4o colaulate He fikelihood, of 3.1.3 evenks, we wmust ansider all possible ambinations ;

- Hete, let us. ouly Wik abouk 4o dypes of wenther Chot and, @1d ) and Hhee shafes.

el el HEf3
cold cold cold
cold cold hot
cold hot cold
hot cold cold
hot hot cold
cold hot hot
hot cold hot
hot hot hot
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* Thas. +he probaliiiley would, be as fotlows ;

P(3,1,3) = P(3,,3) cod cold cld ) + P(3:1,3 ) Cold cold, hot ) + -

+ As cow be Seew, for 1eal dosks. Hhe dolal humber o Owpudekious wii be auper high !
b Ths s He teason why +he forward algorsihm emerged .
b) Forwerd, algortthm
-+ Tnshend) of USng such, aw exlemely calauledion Uolumes , we can, use an elcTact algorsthm, called, as Bruard, algaisihm.
 The Pl algeviim & a Kids o dyianic piogiamiing algerehm
45 T Uses 4 Joble 4o Shie lormediate talies and, 7wl use Hhem F necessany.

- leb us 4ake aw eample -

B, B,

pi1HOT) | |2 Piicoo)| |5
p2|HOT) | = |4 PjcoLp)| = | 4
P@|HOT)| |4 p@Ejcon)| |1

A hidden Markov model for relating numbers of ice creams eaten by Jason (the
observations) to the weather (H or C, the hidden variables).

- Now, @M%%Mdlﬂaﬂm%% HAMM .

«,(2)=.32 @,(2)=.32"12 +.02".1 = .0404

- let us Hhink abosk He d >V
© Fivsk of all, s 4 piobaliitrle) whete Jason weuld eat Jhiee Teciaams, whew h = cold .
dv@1) = P(cod IShr) x P(31cold )
- In o swilar wey , +he piobalitirhuy ey’

@) = PChokIshat) x P31 het)
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- Now, lebs Wik abod +he dac1)
D withad He Mward algorithu . we would need 4o aalackede P(3.1) Fo all peasiie combmedions.

2) Witk +he fhuord, slgarihm . we way be abledo use bebh o 1) and d, 2 i ondek-Ho reduce Compdehinad sk

datt) = (1) x plooid|@d) x POileod) + di@ x Plcd hot) x PO |cold)

* Henee., He Dorward algorHhm sajsM H

- For & givew shdde ¢ ot Jime #. the value dy (5) i compoled, as

N
de (3) = Z o (D Ais bs (o)

- As cow be seow, the Gquatiow s muipied by Hhiee faclois

o;_1(i)  the previous forward path probability from the previous time step
ajj the transition probability from previous state g; to current state g;

bj(o;) the state observation likelihood of the observation symbol o, given
the current state j

+ Tw simmasy r Sowelting [The ewission pobabrirhy
- Glew a Hildew Markou dlodel A = (A,B) and; aw obsomation Sequewe o,
- Whet & we wank +o dolerwine the Iiketihood P(0IA) ?

- Using +he Morward) algothm, we know Ht P(01A) = i (4)

Whot & UAerkT algorithm A a4 HAMM ?
&) Tnhoduckon,
© Gilew as mpwk 4 HWA ) = (A.B) and o sequence o obsewakions O = 01, 0,05, -, Oy,
- We ey womk +o Find, Hhe mosk probable Seguence of fldew shodes @ = 41040 4s. -, 4r
* Jovr exowple, w +he Teectenm problem,
- Glien & eguewe of Tecenm obseiehions 3,1,3 and o KUK, we wonk 4o Pl Hhe best hidden wendher sepuence .

© Tw oider for thak, we wighd piopese ;

" lebs ailadste all pustble htkden Shle Seguence sucly a5 ek /lak /ol and Hhew

We auld, choose the Wildew shate sequence with, masimum obseration fitelibeod,

4 zh wigd wok 5 hawever, as always . ™ should) be o pioblem whew Hhe dowaii beaomes lage.
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 For s \ensow. 4 UrerT algorithm T Tohoduced.

b) Vdert algorthim

+ The Josk of delewwiting which Seguence of Uniiable 7 the underlying souce of Some Seguence of
Obseiations T called, as Jhe decoding dsk.

- The most commow deding algerithms Jor HIA & Hhe VAesT algortthm .

5 s slso a knd of Jﬂnm]’; progiamming .

\

Lok us doke aw example . Tn condlusion, Hhe besh hiddew Segnane 7o [ Het, T when 3,1 T ohseved.

\'11212.32 vzlll: max(.32*.12, .02*.10) = .038
SN P(HIH) * P(11H)
92 '\_H‘,-' Py, 82 A BbFITommmmmmmeeeees @
.qri-’b’. o
.5 .
83 v o
=02 oW v,(1) = max(.32" 20, 02":25) = .064
» vitly=. \,\\O\ 2 L e
P e : A
ay Fen — Peicy rPcy | o AN .
N o) 5.5
@
S A

1]

- Lok us ake @ look Hhee aages : Uic1), Vi(2), and Va0

vi(1) =max [P(cold|start) x P(3|cold))
=P(cold|start) x P(3|cold)

vi(2) = max [P(hot|start) X P(3|hot)]
=P(hot|start) X P(3|hot)

vi(1) % P(cold|cold) x P(1|cold))

- Thaelie, Hhe Urlar algeihm caye Hhak ;
- Tor & giten shake 5 o +ime F, Hhe valile Ui (7) s compuled os ;
N

Uk €3) = moaxX Vp (0 A3 by (04)
=

- Noe Hak
podh pwb‘oﬂﬂfes wheress He Mdlgu-ﬂhm Hokes Hhe Sum .

What T Baum - welch, algoyihm 7
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va(1) = max [y (2) X P(cold|hot) x P(1|cold)f = & We M 359G 4o compme 4o tses 4o Fid Hhe waximam proboliitey

- The UAerbT algortihm s dentTcal o +he fawotd algortihm exceph et 7 Jokes dhe max ouer Hhe previous

" To begi wrth, o wove delonis. T wouid take a, look “Shanfad, ledue nole® and, EM cigathn hand-wiHew note by Jivghun.



( Tn 4 hond-wiiHen note, T 4wy do summarze & with Wgh level )

- Bastcatly, +he pupose of Boum - Welch olgeihm Ts +o eskimate 4he besh Unlues of 1 based, on the cheerakins and,
Wildew sholes sequences -
- In obher wonds,
- The algorithm Wit lek s haiw both, +he Hanstion pobabihy A ond, Hhe emssion piokolitrie) B of the HM.
* Howeweh, iw 1eal poblems, 7 may be hatd +o eskimale the probolittrites ok the same Hiwe

- For 4% vensow, he a\gorithm would doke aw THerakive Way +o eskinate Hhem.

ek us walk Hhowh the procesc ;
1) Defme the MitTal pobabitily (7)
2) InAfalrze bot Hansitiow and ewesion probakiiiies
3) E ( Eqpechobion ) Step
- Givew Hhe pwbabtities and, obseniadins,
- Undede/ aleudate Prward, ane bockunrdy probabites (o and. )

ay(4) ay(4) a3 4) a,(4) as(4)
Ea oo &) =
S, ) S, (5 s (s
) O, TON Ca (s
wy(3) . az(3) ) w50 3) .":: g 3) (3]
& /o /&) &
@ (2) e A2 S/ ay(2) ay(2) as(2) F/J
® @® @&
ay(1) 1) as(1)

" Fward, " ay(4) = Z (i) X apy X by(oy)

i=1
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el ®
°] @
5 @
w | =
/_.-\
[e] &
] @

[]

4
n W‘Jo“ !)’1(4J = Z dyj % bj(”-l) % ,b'-l()')

i=1

- Usig boly & and, B Qladate v and, §
§ = Hhe expected, Slde hansition auat

eq.
D AGE N
H(3) = H@DAD 5 whae plolr) = Z 04 (8) % By (s)
pcolr) l S=
Ths 75 beaawse ;
. &) B !
o R

4) M Clasimrzaion ) Shep
- Use v and § 4o \ecompide hews A and B possibiiries
) Repenk He process unlil Dhergence
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