Prandtl’s lifting line theory (Mock Qual)
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For the glory of God

§ . Tnhoduction

© We shdied Hii aitfor) Hheoiy 4o analze anilrt properes.

© However, ol real afiplones hawe wings o Pite spaw .

© TIn Pock, o oRT & Sply 4 Seckin 4 wing . Hhas, You wight expect Hhe wing +o behote exchy e same
os 4he anlnl. = Howewer, ® ic net comeck.

© Then. " why ave the Actodynawic Caladerishics o a Pt wing dibiient flom the properies As arndin eckions
- A Rirle wing i o Huee-dimensional body 5 Het &, thee & & omponent of Mow in Hhe spamice diieckion
- The Mow nen He wing 47ps dends 4o curl dvamnds Hhe Hps. As a teaih, ow the Hop surfae of Hhe wing . Hhee T

gererally o spanwise omponent of Mow Nom Hhe +Hp toword e wiing toot
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Figure 5.3 Finite wing, In this figure, the curvature of the
streamlines over the 1op and bottom of the wing is exapperated
for elarity,

* Therelore . yow wowid expect Hhe owrall aBodynamic properes of Such a wing 4o diller Nom Hhuse of Hs andil seokions.
eq. Moxiwum point of Seobional 1T -}- 3D wing i vio £gual o 20 adorl  beause of- wivg Hp VoHiees. ( Qe = C)

§  Downwash ond mduced A\aﬂ

© T Plow estoblishes a Cliauladory wokin Hat Hatls dounsheom o the Wing ; Hot &, & hoiting Voet & Creded, of 4.

Figure 5.4 Schematic of wing-tip vortices.

ford, CA, 1

+ These wing-4ip voTees dounsheam o the wing duce & sman downward Owponent B ot Veloctly v the neguborhood o
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He wing Thsed 4 The T aled os downwosh ond, dented, by w
- Tw dww, the dowmwash Combines with the DNeesheam Uelocthy .
- Hence, the presence o dowmwash oter o Mirde wing edus He angle § adlack Hd ench seclion . Sees .

- Moeover. i cexles a component of diog, namelyy e dued diag (0r).

L(20)

a — Geometric angle of attack

a; — Induced angle of attack

a . — Effective angle of attack
@ ap=a-a;

Figure 5.6 Effect of downwash on the local flow over a local airfoil section of a finite wing.

§. Additional uols needed o Mirte wing ovakysts
© So. Tk seems Iike Hak Wit aiiforl Heowy T ok votid, o Rile wing amabysts due 4o he vessne mentiived, abote.
- Then, ow woutd yow wode) +he Pire wing 2
> PrandH's Clossical Lefig e Hheowy
- Befoe we dive o He 4opic, here aie sone Heols Huk we Weed to shudy Prsk.
The Bot- Savart Law R Helmholiz's Hheolem
©The o s one o} he most Jundowenlat relations T He Heowy of Tniiccrd and incompressTble Mow.

L 1hdells ws 5 (the Brok - Savar fow )

Modxv
T4n RP

W i where dX - Seqment o the uoHex ament

>

v The adiie vechr Pam X +o 0w arbTheuy poiick P i spece
W 1 Tndued, ety ok peid P by +he uaHex Mowent eqnen dt
[T+ The shenghy & the vorex Noment
Jo |

[ HelmhoHz echabiished, several bosie prmciples of VoWex behaiar
In geveral, 4 VoHex Plowent

Vaortex filament
of strength I

on be Cored- 1 The shengh of a vorex Moment s conslont alowg s lenglh

2) A vortex Flament connot end. i o Duid i T must edend 4o He boundovtes o Hhe Puwd,

which con be + w0, or Jam a clased path.

*lel me aphy He low o o shagd vodex Prlament of TWhirre lengph as below
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- The velocely induced, oF P by he enffie vortex Priament 5

Hee ;

A = n )x$
v =
-

'Thevmﬂn#qde*-l»hevelocddts;

y = J7 e db Swb rore  sme
—-J:" y; B J‘n

. de
4% 4t >
- Aaiding 4o the FBD, we have ;
Yo P d £ M s il hakd - ks - -
s p )
- & sulsliuding. we hove
Swme
(= m rore -7
= W — = -— dp = —
! an Jn 500 sm‘oie 47de bR = o

§_ Prand¥'s classical LtiHhg [he Hheory

&) Inhoduckion

b) Single hoshoe vortex

- Pondh veosoved, as Sotlows

Let b be the perperndiontor didonae Pom posdd P 4o +he vorex Priament

k [yase-)o. dL 7 dv,

ag 0> dL 7 dvs

Sdt - dr (=)
S dt «dr (e

© The Mst prockanl theowy Pov pediching the Aedinamie properes of o Fire wing was developed. by
Luduig pandi ond, Wi Clleagues ok Gogew i Getmany durig Hhe perod 141 - 1218 . (ioud vior I)
© The whrly of +he theowy s So qrenk Hhat T & sH @ use todoy for pietinhony Crloudakins .
- THis theowy 75 ocuwate whew +he wing Ts high AR/ No sweph angle / Taper Yako =1 / it aTbTI -

- Mso, +he Mow 7 acsumed, 4o be Twitectl, Tnompessible, and, Troloonal Pow .

- Bownd, Uortex wi experence a Povae L' = A Ue/7 Dom the Kuba - Towkouskt Hevem.

- He hied 4o weplace a Mure wing o Span b with o bound Vortex Pom y=-bja 4o y= b

- He ended up g # os 4 hirseshoe UoHex . which wos used, for modeling o i Wiy, beause of +he shope
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Figure 5,12 Replacement of the finite wing with a bound vortex.
o+ wil be aaleulateds by usig Bt - Savart low -

e bound, Uortex fnduces vio velocrhy along Fseld. /

- He saw 4hot [
the o hating vorkices both conhibude 4o the Tduced, teloctlyy along he bound, vorex .

-Tm.-l-keVelocﬂjijpi*yalonjhwwﬂewayhmﬂm;

5 whete blue term : conkibukow Pom the telt haming toHex
Conbibudion Pom e Vil Hatlig Uortex

”
WO = ety anhy)
fed, ferm :

s
7

Trailing vortex
By reswonging e Equctin ,

47 (Y +y) 47 (bf2-y)

_ /145 (bia-y) - 11 4K (bla+Y)

41 (bfa+y) 47 (b/2-y)

i (bfa-g +bhatd)
47 (bla)> - y*

Trailing vortex

Figure 5.13 Downwash distribution along the y axis for a
single horseshoe vortex.
Cwgye - L b
= W am (o oy? IIE
2

/

T wos fond Hk W appwaches - = as Y appwaches -ba or bla (WigHP). - Rck® (s Fie Sl_ngulavﬂ:j poiet)

- He \ealited, Huk +he Strgle hoishue vovtex does ot lentishntly STt o fite wing beamse fuck © s discncerting.

) g lime

© The problem petplered PondH and Ws collengues .

© AMer il yems of eMot, 4 vesoludiow of Hits poblem wos oblathed.
= Tnslead of \epesenting He uwing by & svgle hotseshoe Uorex , he Supermpesed, a latge nuwber of hoiseshoe WoHTees

pick (TR¥ing Iine on qualer Clord,
C/q (T wos Ihe AC)

M lalde o [H ow Hoee - quarer chetd
becuse o wi help fo sodisfy kuHa
(‘ohA,T%W Moma}Tcdﬁ-
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Note that Hie & Tlushated, with only Hee horeeshoe UsHcies For he sake d Clavshy

- whew Thirde number o horesioe UoHicles e Superimpesed, along the (g fe, we wil see
- Vohal bos hae beowe 4 anluons dehthdon ¢ [6) alboyg He (g e

- The Pride number op ol voHicTes have beowe 4 @nfimous UoHex Sheet oty doonchem o Jhe [PHig e .
(Able Hhak He Mex shet © paale) 4o Jhe dTieckin b Vu )

4 e dolal shanghiv o the S T 20 beause o consioks of palis of alling Uorizes of equal Shagth buh i oppecte drieckns.

l:(T) z 5*\/*(,'/
7 ~ »
s l \\ g A Hoe, When we alulode Bt -Souard b,
4 I aw \z // N
/ v — 2 —
// : Yo :T/: — = We ane akouk ol ~Haitng VoHies bk would,
dy § —F— = dar
/ 1 4 ’:4 =rn =2 viegeoh e bond vorex deetl.

vy joa =

T > 7 5 PN

/ o .

/ o

1] \.;\“‘ e

Tl —s T S —

- =

Figure 5.15 Superposition of an infinite number of horseshoe vortices along the
lifting line.

d) Fundomentol Guation o Prandh's Lihig (T Hhass

© We hove reploced, the Nirle wiig with He wedel of o g e along which the CTiaulakion 1'(y) Unes Contiusshy
- Aer anl. we wonk 4o aaladade Neyd My o gien Pede wig, So that we aw oleulde L' = patla

- The Rodowenlal ggunkion (+he onby wnkwan . 113 s stwphy devtveds Bom e Jock Ak ;

- He geomehic angle of aback s Equal 4o He sum of Hhe eMeclie amgle plus the dued angle of adtock.

%wtj = dettoie + Ok
® (0]

“ Indewms of O,
- lebs anstder the arbhan) loakion Yo alug Hhe Litkiig fine .
- The Tdued avgle ¢ abdack T

= G whk)
” Y o diow = (57)

W mdi(yﬂ) = _IJT

- Genenll:] w s wuch Smaller How Us ond, hence dr i@ 4 smai ongle.

J R — angle. dr Op) = —Wulz'—) 5 whete W) Ts the valne of the downwash o Y, due o an +he -haﬂﬁﬂ Vo Tees .

- In oder o gel the explessin f W) . lek us stgle owk swall Segment o the LT (e dy loaded ok e y coordinate.

AN (N--Y)

, dr/ily L
k/<\' J‘w - - 5 whee df Jﬂ Aﬂ
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dw =
47L(>'n-7)
A —

LT.DWV& line

_ (dr/4g)y 5 whae 4 =

&g
&

; Hee, any geqment of the helling Vortex i win duce a Veloctly W ok Yo glien by the Bk~ Savart law.

- Hene, e ot Velocrhy w induced ot Yo by the ewlie haling vorter. sheet 76

by = - ,)"’/L /)y
W (Yo m e Yooy

- Substhde W) b induced: angle o ablock Egoation. we have

a;(yo) =

4 Vm hj2 Yo— ¥

CIndems o @,
- Stnce 4he downwosh Wortes acloss the span. Hen delt s also vaiTable .

- According 4o the Hiim, ailon) Hheows .

Q =27d = 97 (ded - dhieo) W6 & why, Por etample,

<yad>

" Inowf etent, duoo Ts o Known poperdej of the loca) anlort Seckions ;b [

- Boced ow K-J thesiem ond, |t dePiion . we have

L' = L fal® Clp) Cp = Juldn [itye)

2/7(y)
Lea € (%)

& (=
- Thew, vecan +he tesulh Pom Hhe M vl Hheovy .

2/7 ()

ﬂn[dehl—o(uo) = U 0O

- B‘j\emavﬂﬁ:j%eégua}ﬁwwﬂh\espedh dett , we have

I (y0)

= ——— + 0p—n )
TVol(yg) O

eff

- T devins of

- Lebs puk them together. then we hote

dg&vﬂe‘:’ = detr + ds

L combered,
"(59" = +2
—>d > = | gepp = 0 (drekowd
| T P

P Aeodgnawic 4uict, dio Vavies wity Yo

i o Aerodynomic btk diso 7S comshont aciess Hhe span
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1 /m @r/dy)dy 5 ow expessiow v the induced; angle of aack T s of he Chalekion dishThddion '(y) along He wing

o4 = 0-(-2)



a(yy) = +ar—o(yo) +

s [(yo) 1 f‘m (dr'/dy)dy
7 Voo (yo) AV Jobz  Yo—¥

L This To +he Dundomendal Ziua)r‘l'nw of Pondi's |T-c-|v'\'m5 live -u-eou:, ( Tndegio - dillerential Mw)

Unkwown : [T
- ove égudf'ow X one Warable

Knoww : € (), CC¥o), Usas olizo (%)
5 A solukiow  Cquakion Yieds 7= (%)

. Qlavet's Furier Subskiudion ['§) 2 r(g) 5 where Ys langes along +he Spow ~ba b/a

e) Summav:j oP we ant delemine how the 1M T dishtbided Along +he Chord, » 8 @ veulh. He Heowy amit ploide +he prcking moment-
(st He dishihdion & collapsed +o

* Replarewent of He Pirvte wing wiky an mimite humber of horseshoe vorTces along +he [Ping (e
0 single fie albong V4c )

© The ciuletion dishThudiow alug the span [(y) T oblamed Nom the Nndowenbd Equakion of [T line Hheosy
- The ITH dishibid@n s oblaived Rom Hhe KuHa - Joukowskt Hhemem . L'(y) = Au o P(y)  $n Tiiscid /Tncompessible / THotabional

- The okt 1T T obltied. by g o L= [ 1 puuuPon dy

[

- The 1@ coePlicient & oblsmed by ; Co= %5

© The Tndueed dag e oblaiied. by : D = Lsmdr = Ldi Jor small angle (dr cow be obhined: os long a5 we get /7)

-T‘eﬁldmé&aﬂm&m&wfsc‘:mi by; Cor = —C

Thes. & Sobkiow of he Pundamenlel Zfuation of Prandit's 1T e Heony L /7)) Ts Clestly he key 4o oblaiing Aewbiromiz. chatodlerchics o o Mide witg
$. Advoneed, Libhng e Hheowsy _—
© Pondi's Clssial (g e sy s onky vard, D g as;mlmwa.ﬂ Sidvos ARz € .
- what T we hae & wing with Sueph bock angle Trskeod of the elangular ove ?
> WeTssinger's L-wathod, : 3+ & Jor modede ;szye;l)sd% ond, Sueph angle 2 #15°
© whet B we hae & low agpect 1ako wing Teled AR = 6o 8 7 > Thoe 5 o gl
> Joe's volchon Yo Low ogpect Vako wihg -+ Bew @ R ondon & ok sobdel. ™ s ges Lt
b T Pack, adler Tove. Some papie wale SIR o anhamz-"e-l-ko«:’ MLM
Serder wiing Hhessy (tele) P aibgic was hoducad .
+ T W ey, Polhows Suckion avalogy was shusg up.
fﬂ % a Swpe mehod, of esiating voex I by eshindivg o Sichin paik
o T Sledes Hhak the exha nowmal v wiich, 7 produed, by o highly sweph uing of
Mgl angle of ablack s Equal 4o He loss o} lendig gdae Suckon assocrated
with, e Sepiated oo

§ Vortex Lokitce Method, ( Malysts o Dite wing )
© Prndis Lilhiag The dhesy qies \ensonable teuhs Jor Shaght wings af moderde to High aspect 1o,
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4 Howerer, Jor some coses sudv a5 Sueph wig and, Low AR wing, the Jhawy Ts mappotie.
* lebs edend Hhe theuy by placing o geries o [ilkng JTies ow the plane of Hhe wing as Jellowiig 5

l”’“ ,[:" The 4o Vorlex sheeks
— |[ i —— a) The one with Vorex Ires vuwig potallel o y with Shewghh +
— T "'i & _ Y=V 00Y) 5 Spmise VoHex Shesgh dtshibution
;__ Lifing b) The other willv Vorex [fes viring pataliel +o X with Shengh §
— ;,.L: §=80y) 5 Choduise vorex shenglh dihhidTon
{1».“--.; ‘f Theele, o any giiew psict ou Hhe sibkace, Hhe Sheghy o Jhe Hing Suface s gfvew by beth rand §.
i'i . __d__l.—m Nole tha <) downsheom of fhe -hanfng edge T

© Ao spawuise vorlex IThes. bk ouly -lw'l'us Vorhies -
- The wing planfam T drutded o o member of pavets as Rilowtig 5

5 e way watk the wing plnfim o be & Shaw Qb of the Plaw

> The eniie wing is coveed by His lakiice of hitedhoe Voizes
b eock of dilloadk Unknoww shoghh 7,

316 S do be Vow dowraw Boday Condeion - (Tmperabrtrhy )

Y—)
> Qo pereide -

- Gunbol poasks on +he panels (ow be Chusen where the Pow fangencey andiiion & applied -
5 e vet vmal Pow veloctly T 2e.
- Fod vOry) and §00y) Such that the sum o the Wdued, w () and e vormal usponad o the Nee-sheam Velorly 4o be Zero N ol prdks on the wing.
- couddde 11 and Lt b e g sdoce and dhe woke Uatex sheeh e & roval compnack o Velocrhy.
b T4 on be ladaled by Bot- St law
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